
Measure Theory with Ergodic Horizons
Lecture 17

We will prove all the properties required from an integral shortly ,
but first we record:

Prop . Let f
, gtL"(X, M).

(a) If fey then Side-Igdm.
(6) Jafdm = a . Jfdm for all a lo

,
8).

() JFRM = P if and only if f = 0 are

Proof
.

(c).
.

If =0 a
.
e

.
then every non-negativesimple functionIf also has to

be Pa
.
e
.,

so Jsdu =0
,

Lane Step = P.

E
.

Since Xo]xeX : f(x) >03= Xu
,

where Xa := (xeX : Fab)
n = 1

ctb) subadditivity implies that it M(X0) >0 ,
then Mlxa) > O be some norl.

ButHow the simple function s :=t #xeef Lance Ifdc- (SPM=(x) >0.

Monotone Convergence Theorem (MCT)
.

Let fu
,
te [(X

,M) .

If foof then Stude/SFdM.
Proof. Becase to ef

,
we have sudeffer ,

so we need to show that

him (Fudge Ide ,

for which it is enough to show that for each non-negative simple function

Ef
, En/fud > JSd . Giving ourselves an 300 of room

,
it's enough to show



that V220
,
him (fudus)(1-3) sou for some weIN.

n-&

To this end
,

note that for each x = X ZmEIN such But Fax) (1-3) . S
,

this

X= n
,

where Xu= xX : f(x) (l-) .. By patal abo , as

(Indu =Sudd =M

But Mrsis(Xn)/Miss(X) = JC-2SdM by the monotonicity of the measureMrs
so EnfadJ(12)sM

corollary .

The integral on L(X
, m) is atbly additive,

i
. e. Jean du= )fudd

for all fac (t(X
, p).

Proof
. Firstly

,
we show that for f

,get(X,M) ,
we have

(H+ g)dm = J f dm + gdm.
let(ful and (ga) be nonnegative simple functions increasing of and

g , espectively,
i

.

e
.
fulf and gug .

Then futge &feg ,
10 three applications of MCT,

we get Jg/de = him (fe + galdh = him /Ind + him/gadh = Std + /gde.
Now for an infinite cre Zapf ,

not WatIt In a N,,

so the MCT again gives
Stude =linnude =line(tude= Stude

lorollary .

Each feL
+

(X
, M) defines a measure M on Measu by



-(B) : = jfdm : = (f - 1pdu

for each -measurable st B = X.

Proof
.

Since obviously #(D) = 0
,

we only need t dowbl additivity .

Let

B = LBu be a partition of a e-measurable set B into moreasurable
refs BaEX

.

We need be door NB) =ZM(B) .

But

(B)= t.Badr = (fBide = (fz1Badu = (fr = (B).

Corollary (Faton's Lemma)
.

Let (file+
(X

, M) .

The

Jeiminffn du limit fun!

Proof. Recall that for reals xnt(-d
,
2]

, limintxu := lim infixm : manyo
n -> 0

Note that the requence inflxm : m = n) is increasing . By MCT,

Slininfud = ( influ :mand = hm(infl :mud

Lastly ,
mode that for each new

,
infitm : marns I fun for all me I.

So by monotonicity ,
Sinf (fr : mnidl-Studl for all me n

,
hence

Sinf Im : marh du inf Stude : Ms n).
Thus

, lin/infirm : men]d him in Indi = limiffda



Examples (of strict inequality in Faton's lemma). Let (X
, M) : = CIR

,
x).

(2) let fre= As
,mil ,

When fu- > O pointwise
,

but Sindx = f for all we

fo f2 f -

(a) let fa := 1in,a) ,
then - O pointwise ,

but Studd :& for all neIN.

(a)) let fa := 1qu
, 2n) ,

then In +O pointerize ,
but Study = n for all neIN.

f

(b) let te := #10
, ] ,

mat .
Then again + 0 but Stud = 1 Fa.

f

I I

fo

p I

(8) let fai= #10
,] ,

hel
.
Then fatp but (Fdx =n = n -> &.

Bef. A memeasurable function f : X + I is called -integrable if J181dmc .
The integral of such f is defined to be

Ifam := If+ dm-SdM.
The set of all integrable factions is denoted by L(X,M)

.

Note that L'(X
,m) is a rector

space and we make it into a pseodo-normed



rector space by equipping it with the following pseudo-worm:

IIf/:
= SifldM .

Observation
. All is indeed a pseudo-norm on L(X

,1) ,
i

.
e

.

for all f
, ge ((X,M) :

(i) If/l , 20 and 11
,

=0 <=)f = Da
. e

.
(this a.e

.
is why it's not a norm.

(ii) 11fll= 1) . Kill ,
for all de IR.

(iii) Triangle inequality :If + gl ,
: Ilfll

,
+ Ilgll1 .

Proof. Forii
,
note that 11+ gll ,

= (1f +g)d = /DH + 1g)) du = /fldm + /lgidM = 1/fll
,
+ IDg1)

This pseudo-morm also defines a metric on L(X
,

M) by
do (f

, g) : = Ilf-gllz ,

making L(X
,M) into a pseudo-metric space.

Thus
,
it makes sense bo

say
that a sequence (ful = L'IX

,M) converses in the pseche-worm I : ll
,

to f do

mean that Ilfe-Elle - > 0
.

We denote this by fur f.


